Abstract. We study properties of the central sequence algebra A ω ∩ A ′ of a C * -algebra A, and we present an alternative approach to a recent result of Matui and Sato. They prove that every unital separable simple nuclear C * -algebra, whose trace simplex is finite dimensional, tensorially absorbs the Jiang-Su algebra if and only if it has the strict comparison property. We extend their result to the case where the extreme boundary of the trace simplex is closed and of finite topological dimension. We are also able to relax the assumption on the C * -algebra of having the strict comparison property to a weaker property, that we call local weak comparison. Namely, we prove that a unital separable simple nuclear C * -algebra, whose trace simplex has finite dimensional closed extreme boundary, tensorially absorbs the Jiang-Su algebra if and only if it has the local weak comparison property.
Introduction
In the quest to classify simple separable nuclear C * -algebras, pioneered by George Elliott, it has become necessary to invoke some regularity property of the C * -algebra, without which classification-at least by simple K-theoretical invariants-is known to be impossible, see for example [24] and [18] . There are three such, seemingly very different, regularity properties of particular interest: tensorial absorption of the so-called Jiang-Su algebra Z, also called Z-stability; finite nuclear dimension (after Wilhelm Winter); and strict comparison of positive elements (after Bruce Blackadar). The latter can be reformulated as an algebraic property of the Cuntz semigroup, called almost unperforation. Toms and Winter have conjectured that these three fundamental properties are equivalent for all separable, simple, nuclear C * -algebras. The Toms-Winter conjecture is known to hold extensively. All Z-stable C * -algebras have strict comparison, [19] . Winter has shown in [29] that finite nuclear dimension ensures Z-stability.
Last year, in a remarkable paper by Matui and Sato, [16] , it was shown that the strict comparison property is equivalent to Z-stability for all unital, separable, simple, nuclear C * -algebras whose trace simplex has finite dimension, i.e., its extreme boundary is a finite set. Matui and Sato employed new techniques involving the central sequence C * -algebra, A ω ∩ A ′ . They introduced two new properties of the central sequence algebra: property (SI) and "excision in small central sequences". They show that both properties are equivalent to strict comparison and to Z-absorption under the above given conditions. The approach of Matui and Sato has some similarities with the approach used by Phillips and the first named author in their proof in [14] that purely infinite simple separable nuclear C * -algebras tensorially absorb the Cuntz algebra O ∞ . The latter result likewise relied on a detailed study of the central sequence C * -algebra. Indeed, it was shown in [14] that if A is a unital purely infinite simple separable nuclear C * -algebra, then A ω ∩ A ′ is a purely infinite and simple C * -algebra. In particular, there is a unital embedding of O ∞ into A ω ∩ A ′ , which implies that A ∼ = A ⊗ O ∞ .
The first named author studied the central sequence algebra in [13] . We rely on, and further develop, the techniques of that paper to arrive at the main result stated in the abstract.
Our weakened comparability assumption is automatically satisfied by any unital simple C * -algebra satisfying Winter's (m,m)-pureness condition from [29] , cf. Lemma 7.9. The main theorem from Winter's paper, [29] , concerning C * -algebras with locally finite nuclear dimension therefore follows from our Corollary 7.9 in the case where the extreme boundary of the trace simplex of the given C * -algebra is closed and has finite topological dimension.
Let us describe some of the main ingredients in Matui and Sato's paper [16] , that we shall build on and further develop. It is well-known that if A is a separable unital C * -algebra, then A is Z-absorbing, i.e., A ∼ = A ⊗ Z if and only if there is a unital * -homomorphism from Z into the central sequence algebra A ω ∩ A ′ for some ultrafilter ω on N. It follows from [13, Corollary 1.13 ] that if there is a unital * -homomorphism from a separable unital C * -algebra D into A ω ∩ A ′ , then there is a unital * -homomorphism from the maximal infinite tensor power ∞ n=1 D to A ω ∩ A ′ . It was shown by Dadarlat and Toms in [6] that if D contains a unital sub-C * -algebra which is sub-homogeneous and has no characters, then Z embeds unitally into the infinite tensor power ∞ n=1 D. It follows that a unital separable C * -algebra A absorbs the Jiang-Su algebra if and only if there is a unital * -homomorphism from a sub-homogeneous C * -algebra without characters into A ω ∩ A ′ . One example of such a C * -algebra is the dimension drop C * -algebra I(2, 3), which consists of all continuous functions f :
It was shown by Sato in [22] that the natural
is surjective, when A is a unital separable nuclear C * -algebra, τ is a faithful tracial state on A, and N is the finite von Neumann algebra arising from A via this trace. The kernel, J τ , of the * -homomorphism A ω ∩ A ′ → N ω ∩ N ′ consists of those elements a in A ω ∩ A ′ for which a 2,τ = 0 (see Definition 4.1). In other words, (A ω ∩ A ′ )/J τ is a finite von Neumann algebra when the conditions above are satisfied. If N is a McDuff factor, then N ω ∩ N ′ is a II 1 von Neumann algebra and there is, in particular, a unital * -homomorphism M 2 → (A ω ∩ A ′ )/J τ . One would like to lift this * -homomorphism to a unital * -homomorphism I(2, 3) → A ω ∩ A ′ , since this will entail that A is Z-absorbing. Matui and Sato invented the property, called (SI), to solve this problem. Property (SI) is a (weak) comparability property of the central sequence algebra. In order to prove that property (SI) holds, Matui and Sato introduce another property of the central sequence algebra, called excision in small central sequences. They show that excision in small central sequences can be obtained from strict comparability and from nuclearity; and they remark that property (SI) holds if the identity map on the C * -algebra can be excised in small central sequences.
We give an elementary proof of Sato's result on surjectivity of the map A ω ∩ A ′ → N ω ∩ N ′ , and we show that surjectivity holds without assuming that A is nuclear, see Theorem 3.3. The proof uses, at least implicitly, that the ideal J τ mentioned above is a so-called σ-ideal, see Remark 4.7. In Section 4 we consider the ideal J A of A ω consisting of those elements that are represented by sequences in ℓ ∞ (A) with uniformly vanishing trace. When A has infinitely many extremal traces, then (A ω ∩ A ′ )/J A is no longer a von Neumann algebra. The main effort of this paper is to verify that, nonetheless, there is a unital * -homomorphism M 2 → (A ω ∩ A ′ )/J A under suitable conditions on A. As in the original paper by Matui and Sato, one can then use property (SI) to lift this unital * -homomorphism to a unital * -homomorphism I(2, 3) → A ω ∩ A ′ , and in this way obtain Z-stability of A.
We have learned that Andrew Toms, Stuart White, and Wilhelm Winter independently have obtained results very similar to ours, see [25] . Also Yasuhiko Sato has independently obtained a similar result, see [23] . We hope, nonetheless, that the methods of this paper, which offer a new view on the use of central sequence C * -algebras, as well as the somewhat higher generality of our results, will make this paper worthwhile to the reader.
In the following section we give an overview of our main results and we outline the methods we are using.
Preliminaries and overview
We present here some of the main ideas of our paper, and we also give the most important definitions that will be used throughout the paper. First we discuss some notions of comparability in C * -algebras.
A C * -algebra A is said to have strict comparison if comparison of positive elements in matrix algebras over A is determined by traces. In more detail, for all k ≥ 1 and for all positive elements a, b ∈ M k (A), if d τ (a) < d τ (b) for all 2-quasi-traces τ on A, then a ≤ b in the Cuntz semigroup Cu(A). The latter holds if there exists a sequence (r n ) n≥1 in M k (A) such that r * n br n → a, and when this holds we write a b. We remind the reader that d τ is the dimension function associated to τ , and it is defined to be d τ (a) = lim n→∞ τ (a 1/n ). If A is exact (and unital), then all 2-quasi-traces are traces, thanks to a theorem of Haagerup, [9] , and we can then replace "unital 2-quasi-traces" with "tracial states" in the definition of strict comparison. The set of unital 2-quasitraces on A will be denoted by QT (A), and the set of tracial states on A by T (A). It was shown in [19] that strict comparison for A is equivalent to saying that Cu(A) is almost unperforated, i.e., if x, y ∈ Cu(A) are such that (n + 1)x ≤ ny for some n ≥ 1, then x ≤ y.
We introduce a weaker comparison property of A as follows: Definition 2.1. Let A be a unital, simple, and stably finite C * -algebra. We say that A has local weak comparison, if there is a constant γ(A) ∈ [1, ∞) such that the following holds for all positive elements a and b in A: If
If M n (A) has local weak comparison for all n, and sup n γ(M n (A)) < ∞, then we say that A has weak comparison.
It is clear that strict comparison implies (local) weak comparison. Definition 2.2. Let A be a C * -algebra and let 1 ≤ α < ∞. We say that A has the α-comparison property if for all x, y ∈ Cu(A) and all integers k, ℓ ≥ 1 with k > αℓ, the inequality kx ≤ ℓy implies x ≤ y.
The lemma below follows easily from [19, Proposition 3.2] . Lemma 2.3. A C * -algebra A has α-comparison for some 1 ≤ α < ∞ if for all x, y ∈ Cu(A) with x ∝ y (i.e., x ≤ ny for some n), the inequality αf (x) < f (y) = 1 for all f ∈ S(Cu(A), y) (the set of additive, order preserving maps Cu(A) → [0, ∞] normalized at y) implies x ≤ y.
Our α-comparison property is related to Winter's m-comparison property, see [29, Section 2] . We also have the following fact, the proof of which essentially is contained in [29] . Proof. Suppose that A has strong tracial m-comparison. We show that M n (A) has local weak comparison with γ = γ(M n (A)) = m + 1 for all n. It suffices to verify the local weak comparison for arbitrary contractions a, b ∈ M n (A). Suppose that
Arguing as in the proof of [29, Proposition 2.3] (and with g η,ε as defined in [29, 1.4] ), one obtains that for each ε > 0 there exists η > 0 such that
for all τ ∈ QT (A). Strong tracial m-comparison thus implies that (a−2ε) + g η,2η (b) b for all ε > 0. This, in turns, shows that a b, or, equivalently, that a ≤ b in Cu(A).
It is shown in [29, Proposition 2.9] , that if A is (m,m)-pure, then A has strong tracial m-comparison for somem ∈ N. The second claim of the lemma therefore follows from the first.
It is easy to see that our local weak comparison property is weaker than strict comparison within the class of C * -algebras of the form M n (C(X)), where X is a finite dimensional compact Hausdorff space. (A more subtle arguments shows that also our weak comparison is weaker than strict comparison within this class.) It is an open problem if (local) weak comparison, Winter's m-comparison, our α-comparison, and strict comparison all agree for simple C * -algebras, cf. Corollary 7.9.
We introduce in Section 4, for every p ∈ [1, ∞), the following semi-norms on A and its ultrapower A ω (associated with a free ultrafilter ω on N):
and π ω (a 1 , a 2 , . . .) p,ω := lim n→ω a n p , where π ω : ℓ ∞ (A) → A ω denotes the quotient mapping. Let J A be the closed two-sided ideal in A ω , consisting of all elements a ∈ A ω such that a p,ω = 0 for some (and hence all) p ∈ [1, ∞). We call J A the trace-kernel ideal. It will be discussed in more detail in Section 4, and so will the norms defined above.
The central sequence algebra A ω ∩ A ′ (for A unital) will be denoted by F (A). As explained very briefly in Section 3, and in much more detail in [13] , one can define F (A) in a meaningful way also for non-unital C * -algebras, such that F (A), for example, always is unital. We reformulate the Matui-Sato definition of "excision in small central sequences" (see Definition 5.3) to the context of ultraproducts as follows: Definition 2.5. A completely positive map ϕ : A → A can be excised in small central sequences if, for all e, f ∈ F (A) with e ∈ J A and sup n 1 − f n 2,ω < 1, there exists s ∈ A ω with f s = s and s * as = ϕ(a)e for all a ∈ A.
We show in Lemma 5.4 that our Definition 2.5 above is equivalent to the one of Matui and Sato. One can replace · 2,ω in Definition 2.5 by · p,ω with any p ∈ [1, ∞), even if QT (A) = T (A), cf. the comments below Definition 4.1.
Since J A is a so-called σ-ideal of A ω (see Definition 4.4) one can replace the condition e ∈ F (A) ∩ J A with the formally weaker condition e ∈ J A . The assumption that f ∈ F (A), however, cannot be weakened.
We show in Proposition 5.10 that every nuclear completely positive map A → A can be excised in small central sequences provided that A is unital, separable, simple, and stably finite with the local weak comparison property. This result strengthen the results of Sections 2 and 3 in [16] . We prove Proposition 5.10 without using nuclearity of A, or other additional requirement. In particular, this proposition can be proved without using Section 3 of [16] (including Lemma 3.3 of that Section, which involves deep results about von Neumann algebras).
We also reformulate Matui and Sato's property (SI) in the language of central sequence algebras. Definition 2.6. A unital simple C * -algebra is said to have property (SI) if for all positive contractions e, f ∈ F (A), with e ∈ J A and sup n 1 − f n 2,ω < 1, there exists s ∈ F (A) with f s = s and s * s = e.
We shown in Lemma 5.2 that our Definition 2.6 is equivalent to the original definition of Matui and Sato, see Definition 5.1. Also in Definition 2.6 one can replace the seminorm · 2,ω by · p,ω for any p ∈ [1, ∞).
Matui and Sato proved in [16] that if the identity map id A on a unital simple C * -algebra A can be excised in small central sequences, then A has property (SI). Property (SI) for non-nuclear C * -algebras is mysterious; we cannot see any connection between comparison properties of A itself and (SI) if A is not nuclear.
The importance of property (SI) is expressed in the Proposition 5.12. This proposition, which implicitly is included in Matui and Sato's paper, [16] , says that if A has property (SI), and if A is simple and unital, then the existence of a unital
From the point of view of logical completeness it would be desirable to prove that property (SI) together with the existence of a unital * -homomorphism ψ : B → F (A)/(J A ∩ F (A)) from any sub-homogeneous unital C * -algebra B without characters, implies the existence of a unital * -homomorphism ψ : C → F (A) for some (possibly other) unital recursively sub-homogeneous C * -algebra C without characters. This would imply that A ∼ = A ⊗ Z, because ∞ n=1 C contains a unital copy of Z, by Dadarlat-Toms, [6] , and because there is a unital * -homomorphism from ∞ n=1 C into F (A), by [13, Corollary 1.13 and Proposition 1.14].
It is therefore an important (open) question if F (A)/(J A ∩ F (A)) contains a subhomogeneous unital C * -algebra that admits no characters whenever F (A)/(J A ∩ F (A)) itself has no characters.
In Section 6 we consider the extreme boundary ∂T (A) and its weak * closure, denoted bT (A), of the trace simplex T (A) of a unital C * -algebra A. We study the ultra-power
of the completely positive map T : A → C(∂T (A)), given by T (a)(τ ) := τ (a) for τ ∈ T (A) and a ∈ A. The trace-kernel ideal J A , mentioned earlier, consists of all elements a ∈ A ω with T ω (a * a) = 0.
The Choquet simplex T (A) is a Bauer simplex if and only if T ω maps Mult(T ω | F (A) ) onto C(bT (A)) ω , where Mult(Φ| F (A) ) denotes the multiplicative domain defined by
We do not use nuclearity of A to obtain this fact. As the restriction of T ω to Mult(T ω | F (A) ) is a * -epimorphism, this allows us to find, for each positive function f ∈ C(∂T (A)) with f = 1 and any compact subset Ω ⊂ A and ε > 0, a positive contraction a ∈ A with [a, b] < ε and
In Section 7, we shall use the existence of such elements a as above, together with the assumption that ∂T (A) has finite topological dimension, to assemble a collection of unital completely positive "locally tracially almost order zero maps" M k → A into a single unital completely positive "globally tracially almost order zero map" M k → A. In this way be obtain our main result, Theorem 7.8.
The central sequence algebra
To each free filter ω on the natural numbers and to each C * -algebra A one can associate the ultrapower A ω and the central sequence C * -algebra F (A) = A ω ∩ A ′ as follows. Let c ω (A) denote the closed two-sided ideal of the C * -algebra ℓ ∞ (A) given by
We use the notation lim n→ω α n (and sometimes just lim ω α n ) to denote the limit of a sequence (α n ) n≥1 along the filter ω (whenever the limit exists).
The ultrapower A ω is defined to be the quotient C * -algebra ℓ ∞ (A)/c ω (A); and we denote by π ω the quotient mapping ℓ ∞ (A) → A ω . Let ι : A → ℓ ∞ (A) denote the "diagonal" inclusion mapping ι(a) = (a, a, a, . . . ) ∈ ℓ ∞ (A), a ∈ A; and put ι ω = π ω • ι : A → A ω . Both mappings ι and ι ω are injective. We shall often suppress the mapping ι ω and view A as a sub-C * -algebra of A ω . The relative commutant, A ω ∩ A ′ , then consists of elements of the form π ω (a 1 , a 2 , a 3 , . . . ), where (a n ) n≥1 is a bounded asymptotically central sequence in A. The C * -algebra A ω ∩ A ′ is called a central sequence algebra.
We shall here insist that the free filter ω is an ultrafilter. We avoid using the algebras A ∞ := ℓ ∞ (A)/c 0 (A) and A ∞ := A ′ ∩ A ∞ , which have similar properties and produce similar results (up to different selection procedures). One reasons for preferring ultrafilters is that we have an epimorphism from A ω onto N ω := ℓ ∞ (N)/c τ,ω (N), cf. Theorem 3.3 below, where N is the weak closure of A in the GNS representation determined by a tracial state τ on A. The algebra
is a W * -algebra when ω is a free ultrafilter, whereas the sequence algebra N ∞ := ℓ ∞ (N)/c τ,0 (N) (with c τ,0 (N) the bounded sequences in N with lim n a 2,τ = 0) is not a W * -algebra. Another reason for preferring free ultrafilters to general free filters is that, for A = C, simplicity of A ω is equivalent to pure infiniteness and simplicity of A. The algebras A ω are the fibres of the continuous field A ∞ with base space β(N) \ N. The structure of this bundle appears to be complicated.
Recall from [13] that if B is a C * -algebra and if A is a separable sub-C * -algebra of B ω , then we define the relative central sequence algebra
This C * -algebra has interesting properties. For example,
We refer to [13] for a detailed account on the C * -algebras F (A, B) and F (A). We shall often, in the unital case, denote the central sequence algebra
We have the following useful selection principle for sequences in the filter ω with a countable number conditions from [13, Lemma A.1] . For completeness we add a proof: 1 Lemma 3.1 (The ε-test). Let ω be a free ultrafilter. Let X 1 , X 2 , . . . be any sequence of sets and suppose that, for each k ∈ N, we are given a sequence (f
Suppose that, for each m ∈ N and each ε > 0, there exists s = (
Proof. For each n ∈ N define a decreasing sequence (X n,m ) m≥0 of subsets of X n by X n,0 = X n and X n,m = s ∈ X n : max{f
We let m(n) := max{m ≤ n : X n,m = ∅}; and for each integer k ≥ 1, let
This entails that the set
n (s n )} < 1/k belongs to ω for each k ≥ 1. This again implies that X n,k = ∅ for all n ∈ Z k ; which shows that min{k, n} ≤ m(n) ≤ n for all n ∈ Z k . It follows that Z k \ {1, 2, . . . , k −1} ⊆ Y k , from which we conclude that Y k ∈ ω (because ω is assumed to be free). Now,
By definition of m(n) we can find t n ∈ X n,m(n) ⊆ X n for each n ∈ N.
for all k ≥ 1 as desired.
Let N be a W * -algebra with separable predual and let τ be a faithful normal tracial state on N. Consider the associated norm,
, where c ω,τ (N) consists of the bounded sequences (a 1 , a 2 , · · · ) with lim ω a n 2,τ = 0. (As mentioned above, if ω is a free filter, which is not an ultrafilter, then N ω is not a W * -algebra.)
Remark 3.2. Since N has separable predual, N ′ ∩ N ω contains a copy of the hyperfinite II 1 -factor R with separable predual if and only if for each k ∈ N there exists a sequence of unital *-homomorphisms ψ n : M k → N such that lim n→∞ [ψ n (t), a] 2,τ = 0 for all t ∈ M k and a ∈ N if and only if there is a * -homomorphism ϕ : Lemma 2.1] in the case where A is nuclear. We give here an elementary proof of this useful result, that does not assume nuclearity of A. The result implies that the central sequence C * -algebra A ω ∩ A ′ has a subquotient isomorphic to the hyperfinite II 1 -factor R whenever A has a factorial trace so that the corresponding II 1 -factor, arising from GNS representation with respect to that trace, is a McDuff factor. In Remark 4.7 in the next section we show how one can give an easier proof of the theorem below using that the kernel J τ of the natural
The proof given below does not (explicitly) use σ-ideals. Theorem 3.3. Let A be a separable unital C * -algebra, let τ be a faithful tracial state on A, let N be the weak closure of A under the GNS representation of A with respect to the state τ , and let ω be a free ultrafilter on N. It follows that the natural * -homomorphisms
are surjective.
Proof. Let π A and π N denote the quotient mappings ℓ
We show first that Φ :
To prove that the natural map
, and put J = Ker( Φ) ∩ B. Notice that an element x = (x 1 , x 2 , . . . ) ∈ ℓ ∞ (A) belongs to Ker( Φ) if and only if lim n→ω x n 2,τ = 0. Notice also that ba − ab ∈ J for all a ∈ A.
be an increasing approximate unit for J, consisting of positive contractions, which is asymptotically central with respect to the separable C * -algebra B. Then
for all a ∈ A.
We use the ε-test (Lemma 3.1) to complete the proof: Let (a k ) k≥1 be a dense sequence in A. Let each X n be the set of positive contractions in A. Define f
It is now easy to see that the conditions of the ε-test in Lemma 3.1 are satisfied, so there exists a sequence
The trace-kernel ideal J A
Suppose that A is a unital, separable C * -algebra that has at least one tracial state. Let T (A) ⊂ A * denote the Choquet simplex of tracial states on A. The topology on T (A) will always be the weak * topology (or the σ(A * , A)-topology) in which T (A) is compact. The Choquet boundary ∂T (A) (the set of extreme points in T (A)) is a Polish space, and it consists of factorial tracial states on A.
Definition 4.1 (Seminorms on A ω ). For any non-empty subset S of T (A) and for any
We further define
If a sequence S = (S 1 , S 2 , . . .) of subsets of T (A) is given, then define seminorms on A ω by a p,S := lim n→ω a n p,Sn , a p,ω := a p,T ,
and where T := (T (A), T (A), . . .).
If S n := {τ } for all n ∈ N, then we sometimes write a 2,τ instead of a 2,S , for
For all a ∈ A we have a p,T ≤ a p,S ≤ a q,S whenever T ⊆ S ⊆ T (A) and p ≤ q. Moreover, a p,T = a p,S if T ⊆ S and S is contained in the closed convex hull of T . In particular, if ∂T (A) ⊆ S, then a p,S = a p .
For each fixed non-empty S ⊆ T (A), it is easy to see that N(a) := lim p→∞ a p,S is a semi-norm on A with
Thus a = lim p→∞ a S,p for a ∈ A, if A is unital and simple.
where M denotes the set of all sequences S = (S 1 , S 2 , . . . ), where S n = {τ n } is a singleton for all n, i.e., a p,S = lim n→ω a n p,τn . Again it suffices to use sequences (τ n ) n≥1 in ∂T (A).
Since e * 2,ω = e 2,ω , f e 2,ω ≤ f · e 2,ω and e 2,ω ≤ e for all e, f ∈ A ω the subspace J A is a closed two-sided ideal of A ω .
We can in the definition of J A replace the semi-norm · 2,ω by any of the seminorms · p,ω , with p ∈ [1, ∞). Indeed, for each a ∈ A, we have the inequalities a 1,τ ≤ a p,τ ; and
Hence the following holds for all contractions e ∈ A ω :
We recall some facts about σ-ideals from [13] . The definitions below are also given in [13, Definition 1.4 and 1.5].
Definition 4.4. Let B a C * -algebra and let J be a closed two-sided ideal in B. Then J is a σ-ideal of B if for every separable sub-C * -algebra C of B there exists a positive contraction e ∈ J such that e ∈ C ′ ∩ J and ec = c for all c ∈ C ∩ J.
A short exact sequence
is strongly locally semi-split, if for every separable sub-
A C * -algebra B is σ-sub-Stonean if for every separable sub-C * -algebra D of B and for every positive contractions b, c ∈ B with bDc = {0} and bc = 0, there exist positive contractions e, f ∈ D ′ ∩ B with eb = b, f c = c, and ef = 0.
We list some properties of σ-ideals.
Proposition 4.5. Suppose that B is a C * -algebra, that J is a σ-ideal in B, and that C is a separable sub-C * -algebra of B. Then J, B, and C ′ ∩ B have the following properties:
is strongly locally semi-split. Proposition 4.6. Let A be a unital C * -algebra with T (A) = ∅, and let ω be a free filter. It follows that the trace-kernel ideal J A is a σ-ideal in A ω , and that A ω and
Proof. The fact that A ω and F (A) are σ-sub-Stonean was shown in [13, Proposition
We show below that J A is a σ-ideal in A ω . It will then follow from Proposition 4.
Let C be a separable sub-C * -algebra of A ω and let d be a strictly positive contraction in the separable C * -algebra J A ∩ C. It suffices to find a positive contraction e ∈ J A ∩ C
Take contractions (c
) k≥1 be an increasing approximate unit for J A ∩ C, consisting of positive contractions, which is asymptotically central for C. Let (e
We use Lemma 3.1 to show that there is e with the desired properties. Let each X n be the set of positive contractions in A, and define functions f
2,ω = 0 for all ℓ, and that
1 , e
2 , e
3 , . . . ) = lim
Lemma 3.1 therefore shows that there is a sequence, (e n ) n≥1 , of positive contractions in A such that
ω (e 1 , e 2 , e 3 , . . . ) = 0 for all k. The element e = π ω (e 1 , e 2 , e 3 , . . . ) therefore belongs to J A (because (4.2) holds for k = 2), it commutes with all elements c (k) (because (4.2) holds for all k ≥ 3), and hence e commutes with all elements in C; and ed = d (because (4.2) holds for k = 1).
Remark 4.7. Let A be a unital C * -algebra with T (A) = ∅. For any family S = (S n ) n≥1 of non-empty subsets of T (A) one can define the ideal J S of A ω to be the closed twosided ideal of those a ∈ A ω for which a 2,S = 0. By almost the same argument as in the proof of the previous proposition one can show that J S is a σ-ideal in A ω . (One need only replace f (2) n with f (2) n (x) = x 2,Sn .) In particular, J τ is a σ-ideal in A ω for each τ ∈ T (A) (and where J τ = J S with S n = {τ } for all n). In other words, a ∈ J τ if and only if a 2,τ = 0.
One can use the fact that J τ is a σ-ideal in A ω to give a shorter proof of Theorem 3.3: Follow the first part of the proof of Theorem 3.3 to the place where it is shown that the natural map Φ : A ω → N ω is surjective. Note the the kernel of Φ is equal to
. Let B be the separable sub-C * -algebra of A ω generated by A and the element b. Then, by the fact that
This shows that c ∈ A ω ∩ A ′ .
Excision in small central sequences and property (SI)
In this section we show that "excision in small central sequences" (cf. Definition 2.5) holds under the minimal assumptions that the ambient C * -algebra A is unital and has the local weak comparison property (cf. Definition 2.1) and that the completely positive map (to be excised) is nuclear. We do not assume that A is nuclear. The main forte of our approach is that we do not use [16, Lemma 3.3] (or other parts Section 3 of [16] ); and that we hence obtain "excision in small central sequences" property using less machinery and under fewer assumptions. The crucial property (SI) follows from "excision in small central sequences" applied to the identity map as in Matui-Sato, [16] . The identity map is nuclear if and only if the C * -algebra is nuclear, so our methods give property (SI) only for nuclear C * -algebras, but under a weaker comparability condition.
We remind the reader of the original definition of property (SI) from [15, Definition 4.1].
Definition 5.1 (Matui-Sato). A separable C
* -algebra A with T (A) = ∅ is said to have property (SI) if, for any central sequences (e n ) n≥1 and (f n ) n≥1 of positive contractions in A satisfying
The definition above is equivalent with our Definition 2.6 (expressed in terms of the central sequence algebra), as well as to the "local" definition of (SI) in part (ii) of the lemma below. Notice that
τ (e) = e 1 , min
for all positive elements e ∈ A, and for all positive contractions f ∈ A.
Lemma 5.2. The following conditions are equivalent for any unital, simple, separable C * -algebra A with T (A) = ∅:
(i) A has property (SI), in the sense of Definition 5.1
(ii) For all finite subsets F ⊂ A, for all ε > 0, and for all 0 < ρ < 1, there exist δ > 0, a finite subset G ⊂ A, and N ∈ N, such that for all positive contractions e, f ∈ A with
(iii) A has property (SI) in the sense of Definition 2.6 for every/some free ultrafilter.
The proof of the implication of (ii) ⇒ (iii) below is valid for every ultrafilter ω, whereas the proof of the implication of (iii) ⇒ (i) only requires (iii) to hold for some ultrafilter.
be an increasing sequence of finite subsets of A whose union is dense in A. The negation of (ii) implies that there exists a finite subset F ⊂ A, and there exist ε > 0 and 0 < ρ < 1, such that, for δ = 1/n, G = G n and N = n (where n is any natural number), there exist positive contractions e n , f n ∈ A satisfying
while there is no s ∈ A such that
The sequences (e n ) n≥1 and (f n ) n≥1 will satisfy the conditions in (5.1). However, if (s n ) n≥1 were a central sequence satisfying (5.2), then s n would satisfy (5.4) for some n. Hence (i) does not hold.
(ii) ⇒ (iii). Let ω be any free ultrafilter on N, and suppose that (ii) holds. Recall that F (A) = A ω ∩ A ′ (the ultrafilter ω is suppressed in our notation 2 ). Let e, f ∈ F (A) be positive contractions such that e ∈ J A and sup k 1 − f k 1,ω < 1; and let (e n ) n≥1 and (f n ) n≥1 be positive contractive lifts in ℓ ∞ (A) of e and f . It follows that
We use Lemma 3.1 to find s ∈ F (A) such that f s = s and s * s = e. This will then show that A has property (SI) in the sense of Definition 2.6. Let each X n be the set of all elements in A of norm at most 2, and let f
We wish to finds = (
ω (s) = 0 for all k ≥ 1. It will then follow that s = π ω (s) satisfies s ∈ F (A), f s = s and s * s = e, and we are done. By Lemma 3.1 it suffices to show that, for each ε > 0 and each integer m ≥ 1, there
Fix such ε > 0 and m ≥ 1. Let δ > 0, G ⊂ A, and N ∈ N be associated, as prescribed in (ii), to the triple consisting of F = {a 1 , a 2 , . . . , a m }, ε (as above), and ρ = ρ 0 /2. Let X be the set of all n ∈ N such that max a∈G [e n , a] + [f n , a] < δ, e n 1 < δ max
Then X ∈ ω. The conclusion of (ii) then states that, for each n ∈ X, there is s n ∈ A such that
Suppose that (i) does not hold. Then there exist central sequences (e n ) n≥1 and (f n ) n≥1 of positive contractions in A satisfying (5.1), but such that there is no sequence (s n ) n≥1 in A which satisfies (5.2). This means that there exists δ > 0, a finite subset F ⊂ A, and a sub-sequence (n ℓ ) ℓ≥1 , such that
for all ℓ ≥ 1 and all s ∈ A. Put e = π ω (e n 1 , e n 2 , e n 3 , . .
Then e, f ∈ F (A), e ∈ J A and
However, the existence of s = π ω (s 1 , s 2 , . . . ) ∈ F (A), satisfying s * s = e and f s = s, would imply that the set of ℓ ∈ N for which s * ℓ s ℓ − e n ℓ < δ,
belongs to ω, and hence is non-empty. This contradicts (5.5), so (iii) cannot hold.
We τ (e n ) = 0, lim
there exists a sequence (s n ) n≥1 in A such that
Note that the sequence (s n ) n≥1 in Definition 5.3 automatically satisfies s n → 1 if A is unital. Hence we can assume, without loss of generality, that all s n in Definition 5.3 are contractions. The same is true when A is non-unital: Take an increasing approximate unit (a n ) n≥1 for A, consisting of positive contractions, and replace the sequence (s n ) n≥1 with (a 1/2 n s n ) n≥1 (possibly after passing to suitable subsequences of both (a n ) and (s n )). Then, again, we get s n → 1, and we can resize and assume that s n = 1 for all n.
In a similar way we see that the element s ∈ A ω from Definition 2.5 can be chosen to be a contraction. (If A is unital, then s is automatically an isometry.) (ii) For all finite subsets F ⊂ A, for all ε > 0, and for all 0 < ρ < 1, there exist δ > 0, a finite subset G ⊂ A, and N ∈ N, such that for all positive contractions e, f ∈ A with
there exists s ∈ A such that The proof of the lemma uses the following fact: Suppose that ψ : A → B is an epimorphism between C * -algebras A and B, and that e, f ∈ B are positive contractions such that ef = f . Then there exists positive contractions e ′ , f ′ ∈ A such that ψ(e ′ ) = e, ψ(f ′ ) = f , and e ′ f ′ = f ′ . This can be seen by using the well-known fact that pairwise orthogonal positive elements lift to pairwise orthogonal positive elements (with the same norm) applied to f ′ and 1 − e ′ in (the unitization of) B.
Lemma 5.5. Suppose that A is a unital, separable C * -algebra with T (A) = ∅. Let e, f ∈ A ω be positive contractions with e ∈ J A , sup
(ii) If A, in addition, is simple and has the local weak comparison property, and QT (A) = T (A), then for every non-zero positive element a in A and for every ε > 0 there exists t ∈ A ω with t * at = e, f t = t, t ≤ a 1/2 + ε.
Proof. (i). The existence of e 0 ∈ F (A) with e 0 ∈ J A and e 0 e = e follows immediately from the fact that J A is a σ-ideal, cf. Proposition 4.6 and Definition 4.4. (Note that we do not need to assume that e ∈ F (A) to obtain this.)
We use Lemma 3.1 to prove the existence of the element f 0 . Lift f to a positive contraction (
, and let (a k ) k≥1 be a dense sequence in A. Let each of the sets X n of Lemma 3.1 be the set of all positive contractions in A, and define the functions g
for k ≥ 1 and x ∈ X n . Fix ℓ ∈ N, and put s n = (f n ) ℓ ∈ X n . Then
Lemma 3.1 now gives the existence of a sequence (f 0,n ) n≥1 of positive contractions in A such that g
. . ) ∈ A ω then has the following properties:
,ω for all ℓ ≥ 1, and f 0 ∈ F (A) (i.e., f 0 commutes with all elements of A). From the first identity we conclude that f
(ii). We can without loss of generality assume that a = 1. By the continuous function calculus we can find positive elements g, h ∈ C * (1, a) such that g = 1, h ≤ 1 + ε, and ahg = g.
Let e 0 and f 0 be as in part (i), and let (e 0,n ) n≥1 , (f 0,n ) n≥1 ∈ ℓ ∞ (A) be positive contractive lifts of e 0 and f 0 , respectively. As remarked above the lemma we can choose the lift of e 0 such that e 0,n e n = e n for all n. Put
By the proof of [16, Lemma 2.4] there is a constant α > 0 (that only depends on g) such that lim
for all τ ∈ T (A). Put δ = αη/2 > 0 and put
We claim that
To see this, apply the result about the existence of e 0 in part (i) once again to find a positive contraction e ′ ∈ F (A) ∩ J A such that e ′ e 0 = e 0 . Let (e ′ n ) n≥1 in ℓ ∞ (A) be a positive contractive lift of e ′ such that e ′ n e 0,n = e 0,n for all n. Then d τ (e 0,n ) ≤ τ (e ′ n ) for all n and all τ ∈ T (A), and lim n→ω sup τ ∈T (A) τ (e Let γ = γ(A) be the constant witnessing that A has local weak comparison. The set X consisting of all n ∈ N such that
belongs to ω. By definition of γ this entails that e 0,n b n = (f 1/2 0,n gf 1/2 0,n − δ) + for all n ∈ X. (Here we use the assumption that T (A) = QT (A).) As e 0,n e n = e n , this implies we can find v n ∈ A such that v * n f 1/2 0,n gf 1/2 0,n v n = e n and v n ≤ δ −1/2 for all n ∈ X. Observe that g
f 0,n v n .
Hence lim ω (1 − f n )t n = 0, so the element t = π ω (t 1 , t 2 , t 3 , . . . ) ∈ A ω has the desired properties.
We start now the proof of Proposition 5.10: Proof. Let ϕ n : A → A be a sequence of completely positive maps, each of which can be excised in small central sequences, and which converges pointwise to a (completely positive) map ϕ : A → A. We show that ϕ can be excised in small central sequences.
Let e, f ∈ F (A) be given such that e ∈ J A and sup k 1 − f k 2 < 1. For each n ≥ 1 there exist s n ∈ A ω such that f s n = s n and s * n as n = ϕ n (a)e for all a ∈ A. The Banach-Steinhaus theorem shows that the sequence (ϕ n ) n≥1 is uniformly bounded. Let (u k ) k≥1 be an increasing approximate unit for A consisting of positive contractions (if A is unital we can take u k = 1 for all k). Upon replacing ϕ n with the map a → ϕ n (u k au k ) for a suitably large k = k(n), we can assume that ϕ n → ϕ .
Lift e and f to positive contractions (e 1 , e 2 , . . .) and (f 1 , f 2 , . . .), respectively, in ℓ ∞ (A). Let (a n ) n≥1 be a dense sequence in the unit ball of A. We shall use Lemma 3.1 to finish the proof. Let each X n be the unit ball of A; and consider the test functions
The ε-test of Lemma 3.1 is thus fulfilled, and so there exist contractions (t n ) n≥1 in A such that t := π ω (t 1 , t 2 , . . .) satisfies f t = t and t * at = ϕ(a)e for all a ∈ A.
The following useful observation (together with the lemma above) allow us to bypass [16, Chapter 3] . In particular, our arguments do not depend on [16, Lemma 3.3] .
Proposition 5.9. Let A ⊆ B be a separable C * -algebras, with B simple and nonelementary, and let ϕ : A → B be a completely positive map. Then ϕ is nuclear if and only if it is the point-norm limit of a sequence of completely positive one-stepelementary maps ϕ n : A → B.
One can relax the assumptions on B to the following: there exists a pure state λ on B such that the associated GNS representation ρ λ : B → L(H) satisfies ρ
Proof. Each one-step-elementary map has finite dimensional range, and is therefore nuclear by [5, Theorem 3.1]. As the set of nuclear maps is closed under point-norm limits, we see that the "if" part of the proposition holds.
Suppose now that ϕ is nuclear. Then ϕ can be approximated in the point-norm topology by maps of the form V • U : A → B, where U : A → M n and V : M n → B are completely positive maps, and n ≥ 1. It thus suffices to show that V • U can be approximated by one-step-elementary maps. By Arveson extension theorem, the completely positive map U extends to a completely positive map W : B → M n .
Using a trick from the Stinespring theorem, we can decompose V : M n → B as a superposition V = T • E, with
and a completely positive map T : M n 2 → B of the form T (y) = C * y C, for y ∈ M n 2 , where C is a suitable column matrix in M n 2 ,1 (B). Indeed, if (e ij ) n i,j=1 are the matrix units for M n , then
is positive, and hence has a positive square root P 1/2 = i,j e ij ⊗ c ij , with c ij ∈ B. Then V (e ij ) = n k=1 c * ki c kj for all i, j. We obtain C = (c 1 , c 2 , . . . , c n 2 )
T from a suitable rearrangement of the matrix (c ij ). 
Choose a pure state λ on B such that ρ We show below that the map S : B → M n 2 is the point-norm limit of maps S ′ : B → M n 2 of the form
where d 1 , d 2 , . . . , d n 2 are elements in B. This will finish the proof, since (T •S ′ )| A : A → B is a one-step-elementary completely positive map, namely the one given by
and V • U is the point-norm limit of maps of the form (
It is a consequence of Stinespring dilation theorem for the completely positive map S : B → M n 2 , that there is a representation ρ : B → L(H 0 ) and vectors η 1 , η 2 , . . . , η n 2 ∈ H 0 such that S(b) ij = ρ(b)η j , η i . Upon replacing ρ with ρ ⊕ σ for some nondegenerate representation σ : B → L(H 1 ) with σ −1 (K(H 1 )) = {0}, we can assume, moreover, that ρ −1 (K(H 0 )) = {0}. It follows from a theorem of Voiculescu, [27] , see [2] , that ρ and ρ λ are approximately unitarily equivalent. We can therefore approximate S in the point-norm topology by maps S ′ : B → M n 2 of the form S ′ (b) ij = ρ λ (b)ξ j , ξ i for all b ∈ B, for some vectors ξ 1 , ξ 2 , . . . , ξ n 2 ∈ H. Let ξ 0 ∈ H be the canonical separating and cyclic vector representing the pure state λ. Kadison's transitivity theorem for irreducible representations provides us with elements Matui and Sato proved in [16] that if the identity map on a unital (simple, separable) C * -algebra can be excised in small central sequences, then the C * -algebra has property (SI). The same holds in our setting: If id A : A → A can be excised in small central sequences, then A has property (SI). Indeed, in the ultrafilter notation of both properties, let e, f ∈ F (A) be given with e ∈ J A and sup k 1 − f k 1,ω < 1. As id A can be excised in small central sequences there is s ∈ A ω such that f s = s and s * as = ae for all a ∈ A. It is then easy to see that (as − sa) * (as − sa) = 0 for all a ∈ A, so s ∈ F (A).
Note that if A is unital, stably finite, and exact, then QT (A) = T (A) = ∅. We therefore get the following:
Corollary 5.11. Suppose that A is a unital, stably finite, simple, nuclear, and separable C * -algebra with the local weak comparison property. Then A has property (SI).
We proceed to state a result that shows the importance of having property (SI). The implication "(iii) ⇒ (iv)" is implicitly contained in [16] . The dimension drop C * -algebra I(k, k + 1) is the C * -algebra of all continuous functions f :
Proposition 5.12. Suppose that A is a separable, simple, unital and stably finite C * -algebra, and that A has property (SI). Then the following properties are equivalent:
(ii) There exists a unital
, where R denotes the hyperfinite II 1 -factor.
(iii) There exists a unital
(iv) There exists a unital
Proof. (i) ⇒ (ii). Assume that A ∼ = A⊗Z. Then one can find an asymptotically central sequence of unital * -homomorphisms ψ n : Z → A such that the image of the unital * -homomorphism ψ ω : Z ω → A ω is contained in F (A). It follows from the definition of the trace-kernel ideal that ψ ω (J Z ) ⊆ J A . The unital * -homomorphism ψ ω therefore induces a unital * -homomorphism
The Jiang-Su algebra has a unique tracial state τ , so J Z = J τ . It therefore follows from [22, Lemma 2.1] (or from our Theorem 3.3) that the hyperfinite II 1 -factor R embeds unitally into F (Z)/(J Z ∩ F (Z)).
(ii) ⇒ (iii) is trivial. (iv) ⇒ (i). We have unital * -homomorphisms:
The existence of the first * -homomorphism follows from Dadarlat and Toms, [6] . As remarked in Section 2, the existence of the second * -homomorphism follows from [13] , where it is shown that if there is a unital * -homomorphism D → F (A) for some separable unital C * -algebra D, then there is a unital * -homomorphism from the (maximal) infinite tensor power of D into F (A). It is well-known that the existence of a unital * -homomorphism Z → F (A) implies that A ∼ = A ⊗ Z when A is separable.
We conclude this section with an observation that may have independent interest: Proposition 5.13. Suppose that A is a simple, separable, unital and stably finite C * -algebra with property (SI). Then, for every positive contraction c ∈ J A , there exists s ∈ J A ∩ F (A) with s * sc = c and ss * c = 0. In particular, J A and J A ∩ F (A) do not have characters.
Proof. By the fact that J A is a σ-ideal (applied to the separable sub-C * -algebra C * (A, c) of A ω ) there is a positive contraction e ∈ J A ∩F (A) such that ec = c = ce. Let f = 1−e.
By property (SI), there is s ∈ F (A) with s * s = e and f s = s. The former implies that s ∈ J A and s * sc = c, and the latter implies that s * e = 0, so s * c = 0.
It follows from the first part of the proposition that any * -homomorphism from J A , or from J A ∩ F (A), to the complex numbers must vanish on all positive contractions. Hence it must be zero. This proves that J A and J A ∩ F (A) have no characters.
Affine functions on the trace simplex
Let A a unital C * -algebra with T (A) = 0. We denote the closure of ∂T (A) in T (A) by bT (A). One can think of bT (A) as some sort of Shilov boundary (minimal closed norming set) for the function system Aff c (T (A)), consisting of all continuous real valued affine functions on T (A). The main topic of this section is to study the range of the canonical unital completely positive mapping A → C(bT (A)), and of its ultrapower A ω → C(bT (A)) ω . (We shall denote these mappings by T and T ω , respectively.) In particular we conclude, without assuming nuclearity of A, that for given non-negative continuous functions f 1 , . . . , f n : bT (A) → [0, 1], with disjoint supports, there exist pairwise orthogonal positive elements a 1 , . . . , a n in A such that T (a j ) is close to f j for all j.
Let S denote a compact convex set in a locally convex vector space L. We denote by Aff c (S) the space of all real-valued continuous affine functions on S. We use in the following considerations that the functions in Aff c (S) of the form s → f (s) + α, with α ∈ R and f a continuous linear functional on L, are uniformly dense in Aff c (S). This can be seen by a simple separation argument. We denote the extreme points of S by ∂S, and bS denotes the closure of ∂S.
The space Aff(S) of bounded 3 affine functions on S consists of all pointwise limits of bounded nets of functions in Aff c (S), and Aff(S) coincides with (Aff c (S)) * * .
A classical theorem of Choquet, [1, Corollary I.4.9] , says that for each metrizable compact convex subset S of a locally convex vector space V and each x ∈ S there exists a Borel probability measure µ on S, such that for all f ∈ V * ,
and µ(∂S) = 1. Such a measure µ is called a Choquet boundary measure for x ∈ S; and it is automatically regular. A compact convex subset S of a locally convex vector space V is a Choquet simplex (also called simplex 4 ) if the boundary measure µ in (6.1) is unique.
Every Borel probability measure µ on bS, with the property that µ(K) = 0 for every compact subset of bS \∂S, defines a state on C(bS), and thus an element of S. It follows that two Borel probability measures µ and ν with µ(∂S) = 1 and ν(∂S) = 1 define the same state on the algebra C(bS) if they coincide on the real subspace Aff c (S) ⊆ C(bS) sa .
We describe the map from S to the family of boundary integrals on S with the help of the commutative W * -algebra C(S) * * , when S is a Choquet simplex.
Let Q ∈ C(bS) * * be the projection (in the countable up-down class) that corresponds to the G δ subset ∂S of bS ⊆ S. Then Q ≤ P , where P ∈ C(S) * * is the (closed) projection corresponding to the closed set bS. Then the (unique) representation of the states on S as boundary integrals extends to an order-preserving isometric map from (Aff c (S)) * onto the predual QC(bS) * = (QC(bS) * * ) * of the commutative W * -algebra QC(bS) * * .
It follows that the second conjugate order-unit space Aff c (S) * * is unitally and isometric order isomorphic to the self-adjoint part of the W * -algebra QC(bS) * * . In other words: If S is a Choquet simplex, then Aff c (S) * * is a commutative W * -algebra and the boundary integral construction comes from a (unique) extension of the natural embedding Aff c (S) ⊂ Aff c (S) * * to a * -homomorphism from C(bS) into Aff c (S) * * (that coincides with the natural * -homomorphism from C(bS) into QC(bS) * * = QC(S) * * ).
Using an obvious separation argument, one obtains the following characterization of Choquet-Bauer simplexes, [1, Corollary II.4.2]: If S is a metrizable Choquet simplex with ∂S closed in S, then S is the convex set of probability measures on ∂S, and Aff c (S) = C(∂S) sa . The order-unit space Aff c (S) of real-valued continuous affine functions on a Choquet simplex S is naturally isomorphic to C(∂S) sa = C(∂S, R) if and only if ∂S is closed in S.
Lemma 6.1. Let S denote a metrizable compact convex set, and let τ 0 ∈ S \ ∂S. Then there exists a compact subset
Proof. Let µ be a Choquet boundary measure for τ 0 . Then µ is a Radon probability measure on S satisfying µ(∂S) = 1, and
for all f ∈ Aff c (S). By a theorem of Ulam, the finite measure µ is automatically inner regular, so there exists a compact set
We now return to the case where S = T (A), the trace simplex of a unital C * -algebra A. The order-unit space of continuous real valued affine functions on T (A) will be denoted by Aff c (T (A)). The complexification Aff c (T (A)) + iAff c (T (A)) of Aff c (T (A)), denoted C-Aff c (T (A)), can be viewed as the space of complex valued affine continuous functions on T (A). Define the norm f on f ∈ C-Aff c (T (A)) by
It follows that C-Aff c (T (A)) is a closed unital subspace of C(T (A)). Notice also that we have the following natural unital isometric inclusions,
where the latter is a * -homomorphism.
Consider the natural unital completely positive map
defined by T (a)(τ ) = τ (a) for τ ∈ T (A) and a ∈ A. We shall sometimes view T as a map from A to C(bT (A)). Note that T is central, i.e., T (ab) = T (ba) for all a, b ∈ A. Moreover, T (A sa ) = Aff c (T (A)).
Lemma 6.2. Let A be a unital C * -algebra with T (A) = ∅. Denote the center of A * * by C. Let p denote the largest finite central projection of A * * , and let E : A * * p → Cp be the (normal) center-valued trace on the finite summand A * * p of A * * .
The map T : A → C(bT (A)) defined above has the following properties:
(i) Let Λ denote the restriction of (T ) * * : A * * → C(bT (A)) * * to Cp. Then Λ is a unital isometric isomorphism of (complexified) order-unit Banach spaces from Cp onto C-Aff c (T (A)), and (T ) * * (a) = Λ(ap) for a ∈ A * * .
( Proof. Each central linear functional ρ on A has a polar decompositions ρ(a) = |ρ|(va), a ∈ A, where |ρ| is a positive central functional, and where v a partial isometry in the center of A * * .
The adjoint of the restriction of T to A sa maps the unit ball of (Aff c (T (A))) * , which is equal to
onto the set of all hermitian central linear functionals on A of norm ≤ 1.
The unit ball of (C-Aff c (T (A))) * is equal to the norm closure of the absolute convex hull conv C (T (A)) of T (A). This shows that
maps the unit ball of (C-Aff c (T (A))) * onto the space of central linear functionals in A of norm ≤ 1.
Let ∆ R and ∆ C denote the R-linear, respectively, the C-linear span of the commutator set {i(ab − ba) : a, b ∈ A sa }. Then In a similar way one sees that the restriction of T to A sa does the same for A sa and Aff c (T (A)). A separation argument finally shows that T maps the positive contractions in A onto a norm-dense subset of the continuous affine maps f :
denote the ultrapower of the map T : A → C-Aff c (T (A)).
Lemma 6.3. Let A be a unital C * -algebra with T (A) = ∅. Then T ω maps the closed unit ball of A ω onto the closed unit ball of (C-Aff c (T (A))) ω .
Proof. This follows from Lemma 6.2 (ii), because every element f of the closed unit ball of (C-Aff c (T (A))) ω can be represented as a 1 , a 2 , . . .)) with each f n in the open unit ball of C-Aff c (T (A)) and a n in the open unit ball of A.
Lemma 6.4. Let A be a C * -algebra, let a 1 , . . . , a m , b 1 , . . . , b n ∈ A, and let ε > 0. Then there exist N ∈ N and self-adjoint elements h 1 , . . . , h N in A with h ℓ < π such that,
In particular, if A is unital and T (A) = ∅ then the unital completely positive map T ω : A ω → (C-Aff c (T (A))) ω maps the closed unit ball of F (A) onto the closed unit ball of (C-Aff c (T (A)) ω .
Proof. Using a standard separation argument, one can reduce the first statement to the case of the W * -algebra A * * . Here it follows from [7, chp.III, §5, lem.4, p.253], because each unitary element in each W * -algebra M is an exponential exp(iH) with H * = H ∈ M and H ≤ π. Use also that the map H → exp(iH) is * -ultra strongly continuous, and {h ∈ A : h * = h, h < π} is * -ultra strongly dense in {H ∈ A * * :
The second statement follows from the first and the fact that T is central. Thus 
(because Ψ is unital and 2-positive). This shows that v ∈ Mult(Ψ) if and only if
The latter identity follows from the former if Ψ is central and C is commutative.
The restriction of Ψ to Mult(Ψ) defines an injective
We show that Mult(Ψ) is contained in the center of B. Let b * = b ∈ B and let u be a unitary element in Mult(Ψ). Then Ψ(u)
because Ψ is central and C is commutative. It follows that Ψ((bu − ub) * (bu − ub)) = 0. Thus, bu = ub. This shows that Mult(Ψ) is contained in the center of B.
Suppose that Ψ maps the closed unit-ball onto the closed unit ball of C. If u ∈ C is unitary, then there exists a contraction v ∈ B with Ψ(v) = u. It follows that
In the proposition below, T ω : A ω → C(bT (A)) ω is the "trace map" defined above Lemma 6.3. The multiplicative domain of T ω is denoted by Mult(T ω ). Proposition 6.6. Let A a unital and separable C * -algebra with T (A) = ∅. Identify Aff c (T (A)) with a unital subspace of C(bT (A), R) = C(bT (A)) sa , and identify C-Aff c (T (A)) with a unital subspace of C(bT (A)).
The following properties of A are equivalent:
(i) For each τ 0 ∈ bT (A) and for each non-empty compact set K ⊆ bT (A) \ {τ 0 } there exists a positive contraction a ∈ A with
(iv) C-Aff c (T (A)) = C(∂T (A)).
(v) T ω maps the closed unit ball of A ω onto the closed unit ball of C(bT (A)) ω .
ω is a surjective * -homomorphism with kernel equal to J A .
Proof. The equivalences of (ii), (iii), and (iv) have been discussed (for general Choquet simplexes S) above Lemma 6.1. Lemma 6.1 shows that (i) implies (ii), and Lemma 6.3 shows that (iv) implies (v). 
The element a = b n is then a positive contraction satisfying τ 0 (a) > 2/3 and sup τ ∈K τ (a) ≤ 1/3.
Corollary 6.7. Let A a unital and separable C * -algebra with T (A) = ∅. The following properties of A are equivalent:
(ii) T ω : F (A) → C(bT (A)) ω maps the closed unit ball of F (A) onto the closed unit ball of C(bT (A)) ω .
(iii) For every separable unital sub-C * -algebra C of C(bT (A)) there exists a sequence of unital completely positive maps V n : C → A such that, for all c ∈ C,
(iv) For every separable unital sub-C * -algebras C of C(bT (A)) there exists a sequence of unital completely positive maps V n : C → A such that, for all a ∈ A and c ∈ C,
and
Proof. The equivalence of (i) and (ii) follows from Proposition 6.6. Part (iv) clearly implies (iii); and (iii) implies Proposition 6.6 (v), which in turns implies part (i) of the present corollary. It suffices to show that Proposition 6.6 (vi) implies (iv). To do this we show that Proposition 6.6 (vi) implies that, for every compact subset Ω ⊂ A, every finite subset X ⊂ C, and every ε > 0, there exists a unital completely positive map
for all a ∈ Ω and c ∈ X.
Let Ψ : Mult(T ω )/J A → C(bT (A)) ω be the factorization of T ω : Mult(T ω ) → C(bT (A)) ω (as in the proof of Proposition 6.6), and consider the
. Take a unital completely positive lift W : C → F (A) of Ψ −1 | C (using that C is nuclear). This map can be further lifted to a unital completely positive map W :
Now W is given by a sequence of unital completely positive maps V n : C → ℓ ∞ (A). For some integer n ≥ 1, the map V := V n has the desired properties. 
Proof. Property (iii) (applied to the partition of the unit {f, 1 − f }, with m = 1 and µ(1) = 2, and where f a positive contraction in C(bT (a)) such that f (τ 0 ) = 0 and f (K) = {0}) implies property (i) of Proposition 6.6, and hence it implies bT (A) = ∂T (A). This proves the "only if" part of the corollary. We proceed to prove the "if" part.
Suppose that ∂T (A) = bT (A) (i.e., that ∂T (A) is closed). We shall use Proposition 6.6 (vi) (and its proof) to prove the existence of the positive contractions a 
→ A be the projection onto the nth copy of A. For a given ε > 0, the set X ⊆ N consisting of all n ∈ N for which the system, a
satisfies conditions (i)-(v) above, is contained in the ultrafilter ω. In particular, X = ∅, which completes the proof.
Remark 6.9. Let A be a unital C * -algebra. Put X = bT (A). The Gelfand space of characters on C(X) ∞ is the corona space
where β(X × N) denotes the Stone-Cech compactification of X × N.
The Gelfand space of C(X) ω is a subspace of γ(X × N) obtained as follows. The map π 2 : (x, n) ∈ X × N → n ∈ N is continuous, open and surjective. Thus, it extends to a surjective continuous map β(π 2 ) from β(X × N) onto β(N). One can see that
It follows that β(π 2 ) defines a surjective map γ(π 2 ) from γ(X × N) onto γ(N). The points of γ(N) are in natural bijective correspondence to the free ultra-filters on N.
The Gelfand space of C(X) ω is the space Y := γ(π 2 ) −1 (ω) ⊆ γ(X × N).
Proposition 6.6 (vi) and Lemma 6.5 show that the C * -algebra A ω /J A contains a copy of C(bT (A)) ω as a sub-C * -algebra of its center if ∂T (A) = bT (A).
It would be interesting to know more about its fibers.
The proof of the main result
In this section we prove our main result, Theorem 7.8. As in the previous sections, bT (A) denotes the weak * closure of ∂T (A) in T (A) ⊂ A * , whenever A is a unital C * -algebra (with T (A) = ∅).
Definition 7.1. Let A be a unital C * -algebra, let Ω ⊂ A be a compact subset, and let ε > 0. An (ε, Ω)-commuting covering system (U; V (ii) finite collections
The following properties must be satisfied:
, and all ℓ and j. 
j (b) < ε for all contractions b ∈ M 2 and all τ ∈ U. Let N be a W * -algebra with separable predual, and let τ a faithful normal tracial state on N. As before, we let N ω denote the W * -algebra ℓ ∞ (N)/c ω,τ (N), where c ω,τ (N) consists of the bounded sequences (a 1 , a 2 , · · · ) with lim ω a n 2,τ = 0. Recall further that for each τ ∈ T (A) we have a semi-norm · 2,τ on A ω , and that J τ is the closed two-sided ideal of A ω consisting of those a ∈ A ω for which a 2,τ = 0.
Lemma 7.3. Let A be a unital separable C * -algebra. Let τ ∈ T (A), and let
′′ , where ρ τ is the GNS representation of A associated with
contains a unital copy of M 2 , then there exists a sequence of unital completely positive maps V n : M 2 → A such that,
for each compact subset Ω of A, where (M 2 ) 1 denotes the unit ball of M 2 .
Then, for each compact subset Ω and for each ε > 0, there exist completely positive contractions W (1) , . . . , W (m+1) : M 2 → A with the following properties:
Proof. Let ε > 0 and Ω ⊂ A be given. Assume without loss of generality that ε < 1/2. Let (U;
) be an (ε/2, Ω)-commuting covering systems of size m+1, cf. Proposition 7.4. Since the covering dimension and the decomposition dimension for compact metric spaces are the same 5 , we find a refinement U ′ of the covering U, such that U ′ is the union of m + 1 finite subsets U 1 , . . . , U m+1 , and each U ℓ = (U sup 
We shall show that W (1) , W (2) , . . . , W (m+1) satisfy conditions (i)-(vi). The verifications are somewhat lengthy, but not difficult. We use that the number ε 0 > 0 has been chosen such that for all k, ℓ,
We shall frequently use that
The latter follows from the former together with the fact that a
Since the summands in S 2 are pairwise orthogonal, and since
is part of an (ε/2, Ω)-commuting covering, we get
Since a (ℓ) j and b are contractions and [a, a
, and because the elements a (ℓ) j are pairwise orthogonal contractions, we see that the right-hand side is at most ε 0 , which again is smaller than ε.
We estimate each of S j , j = 1, 2, 3, below. The pairwise orthogonality of the elements (a (ℓ) j ) 1≤j≤µ(ℓ) and of the elements (a
By construction, the positive contractions a 
Ad (iv): Since we only need to consider elements from one collection V (ℓ) we drop the upper index and write µ = µ(ℓ), a j = a 
where
. It thus suffices to show that a j T j a j 1 < ε/µ for all j. Now, in the notation of Definition 4.1, a j T j a j 1 = max 1≤i≤µ a j T j a j 1,U i .
Let us first consider the case where i = j. As T j is a contraction we have a j T j a j 1,U i ≤ a j 1,U i . By Corollary 6.8 (iii) and the fact that f (ℓ) j (τ ) = 0 when τ ∈ U i , we conclude that a j 1,U i < ε 0 ≤ ε/µ. Consider next the case i = j. Write T j = a j C j a j − R j , where
Then R j < 2ε 0 , because all a j commute with all elements of Ω 0 within ε 0 , and C j 1,U j < ε 0 , by Definition 7.1 (v). This shows that a j T j a j 1,U j ≤ a τ (a j )
< µ · ε 0 + (2 + ε 0 ) · µ · ε 0 ≤ (3 + ε 0 )ε 0 µ ≤ ε.
We have used that j f j (τ ) 1/2 ≤ 1 and that j τ (a j ) ≤ 1 + ε 0 . The latter estimate follows from Corollary 6.8 (iv), which implies that j a j ≤ (1 + ε 0 ) 1/2 .
The following lemma is almost contained in [10, Lemma 5.7] . However, as the statement in [10] formally is different from the fact that we shall need, we provide a proof of our lemma for the convenience of the reader. such that ψ(M p ) is contained in the sub-C * -algebra of B that is generated by the images ϕ k (M p ), k = 1, . . . , n.
(ii) Suppose that B is unital and that ϕ 1 (1) + ϕ 2 (1) + · · · + ϕ n (1) = 1. Then there is a unital * -homomorphism ψ : M p → B.
Proof. (i). It clearly suffices to consider the case where n = 2. Upon replacing B by the C * -algebra generated by the images of the completely positive maps ϕ j we can assure that the image of ψ will be contained in that sub-C * -algebra.
We use that ϕ k (a) = λ k (ι ⊗ a) for a * -homomorphism λ k : C 0 ((0, 1], M p ) → B, where ι ∈ C 0 ((0, 1]) denotes the function ι(t) = t. Since ϕ k (1) commutes with ϕ k (M p ), and since ϕ 1 (M p ) and ϕ 2 (M p ) commute element-wise, we get that ϕ 1 (1) + ϕ 2 (1) is a strictly positive contraction in the center of the sub-C * -algebra B 0 := C * (ϕ 1 (ii) A satisfies property (SI), cf. Definition 2.6.
(iii) ∂T (A) is closed in T (A), i.e., the Choquet simplex T (A) is a Bauer simplex.
(iv) The set ∂T (A) of extremal tracial states is a topological space of finite dimension.
Some of the conditions in the theorem above are sometimes automatically fulfilled. Condition (i) holds for all nuclear C * -algebras (cf. Theorem 3.3 and the theorem by Connes that hyperfinite II 1 -factors are McDuff). Condition (i) also holds for all A with A ∼ = A ⊗ Z. Hence condition (i) is necessary.
Condition (ii) holds for all nuclear C * -algebras A that have local weak comparison (which again is implied by α-comparison for some α < ∞, and in particular from strict comparison). See Corollary 5.11.
It is unknown, if A ∼ = A ⊗ Z implies property (SI), even for separable, simple, unital and exact C * -algebras A.
Conditions (iii) and (iv) do not follow from having the isomorphism A ∼ = A ⊗ Z. Indeed, any (metrizable compact) Choquet simplex can appear as T (A) of a suitable simple separable unital AF-algebra A, [8] . Infinite-dimensional simple separable unital AF-algebras always tensorially absorb the Jiang-Su algebra Z, because they are approximately divisible.
Corollary 7.9. The following conditions are equivalent for any non-elementary stably finite, separable, nuclear, simple and unital C * -algebra A, for which ∂T (A) is closed in T (A) and ∂T (A) is a finite-dimensional topological space.
(i) A ∼ = A ⊗ Z.
(ii) A has the local weak comparison property.
(iii) A has strict comparison.
Proof. The implication (ii) ⇒ (i) follows from Theorem 7.8 and from Corollary 5.11.
(i) ⇒ (iii) holds in general, cf. [19] ; and (iii) ⇒ (ii) holds in general (for trivial reasons).
It seems plausible that the three conditions above are equivalent for all non-elementary stably finite, separable, nuclear, simple and unital C * -algebra A, without the assumption on the trace simplex.
The equivalence between (ii) and (iii) is curious. It may hold for all simple C * -algebras (but it does not hold in general for non-simple C * -algebras).
It follows from Corollary 7.9, together with Lemma 2.4, that any non-elementary stably finite, separable, nuclear, simple and unital C * -algebra A, for which ∂T (A) is closed in T (A) and ∂T (A) is a finite-dimensional topological space, and which is (m,m)-pure for some m,m ∈ N, satisfies A ∼ = A ⊗ Z. This shows that the main theorem from Winter's paper, [29] , concerning C * -algebras with locally finite nuclear dimension follows from Corollary 7.9 in the case where ∂T (A) is closed in T (A), and ∂T (A) is a finite-dimensional topological space. This shows how important it is to resolve the question if the conditions on T (A) in Corollary 7.9 can be removed!
